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Abstract 
, 
Configuration i n t e r a c t i o n  is applied t o  the  IP helium continuum 
between the  f i r s t  and second quantum thresholds .  Discre te  configura- 
t i ons  a r e  included which give r ise t o  auto- ioniza t ion  l e v e l s  (resonances),  
D i f f e r e n t i a l  o s c i l l a t o r  s t rengths  are  presented fo r  the  
region, while  pos i t ions ,  widths,  and q values  a r e  given 
lowest lying resonance l eve l s .  c& 
non- resonant 
f o r  t he  s i x  
‘ 
’ ‘ C  f ‘  
.. 
b 
I. Introduct ion 
In the present  paper w e  apply configurat ion i n t e r a c t i o n  t o  the  ca l -  
cu la t ion  of 
t o  40 e V  above the  f i r s t  i on iza t ion  threshold,  which contains  a number of 
‘P continuum states  of helium i n  t h e  energy range from 0 
auto- ionizing leve ls .  These l eve l s  give r ise t o  resonant s t r u c t u r e  i n  the  
photo- ionizat ion c ross  sec t ion  o r ,  a l t e r n a t i v e l y ,  produce resonances i n  the  
e l a s t i c  s c a t t e r i n g  cross  s e c t i o n  f o r  e l ec t rons  on He+. While au to- ioniza t ion  
should be  present  i n  the  continuous spectrum of  a l l  elements, a considerable  
amount of experimental and theo re t i ca l  e f f o r t  has been devoted t o  helium 
as i t  is  the  s implest  system displaying the  phenomenon. Reeint papers a r e  
l i s t e d  i n  Ref. (1-6) ;  these  may be  consulted f o r  e a r l i e r  works on the  sub jec t .  
To f ind the  pos i t ions  and s t r u c t u r e  of the  l eve l s ,  the  p ro jec t ion  
operator  formalism of Feshbach has been applied wi th  success.  3 ’ 4 s 6 *  These 
ca l cu la t ions  neglect  the  background continuum and thus provide no informa- 
t i o n  on the  l i n e  widths;  however, Burke and McVicar (he rea f t e r  c a l l e d  
BMc) have t r ea t ed  the  problem i n  the close-coupling approximation and have 
obtained values f o r  the  pos i t ion ,  widths, and g values  ’ of the  1ow.lying 
resonances. 
The above authors have es tab l i shed  t h a t  t he  auto- ionizing l e v e l s  
a r e  associated wi th  doubly exci ted conf igura t ions  of helium. Thus w e  
choose wave funct ions cons i s t ing  of doubly exc i ted  conf igura t ions  i n  add i t ion  
to configurat ions f o r  descr ibing che is-kp cor;t ix=m. The r e s u l t i n g  s t a t e s  
show resonant behavior; we compute the  pos i t i ons ,  widths,  and q values  
of t h e  s i x  lowest lying l P  auto-ionizing l eve l s ,  as  w e l l  as d i f f e r e n t i a l  
o s c i l l a t o r  s t r eng ths  over the  e n t i r e  energy range. A s i x  parameter 
’ .  
* 
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I 
Hylleraas ground s t a t e  funct ion was used i n  these  ca l cu la t ions .  The 
r e s u l t s  a r e  i n  good agreement wi th  BMc; t he  r e l a t i o n s h i p  between our 
method and the  close-coupling approximation is explored i n  Sec. 11. 
Fano8 has l a i d  the  groundwork f o r  t h e  use of conf igura t ion  i n t e r -  
ac t ion  i n  the  ana lys i s  of auto- ionizat ion but  h i s  treatment depends 
upon a pre-diagonalized continuum and does no t  immediately lend i t s e l f  
t o  a numerical ca lcu la t ion .  Fano and Prats’ have a l s o  formulated the  
problem avoiding the  pre-diagonalized bas i s ,  an approach which d i f f e r s  
from ours pr imar i ly  i n  the  suggested method of so lu t ion ,  where w e  follow 
a previous paper by one of the  present  authors.  10 
+ . *  , 
I -3- 
1 .  
b 
11, Theory 
An excitec. s t a t e  .!& -3 constructed from a l i n e a r  combination of 
determinantal  funct ions represent ing d i s c r e t e  and continuum configura- 
t ions  of helium. 
d inger  equation 
With such a s t a t e ,  w e  attempt t o  s a t i s f y  the  Schrg- 
f o r  any value of energy E above the 1s-kp threshold.  
Hamiltonian i n  atomic u n i t s  is 
The usua l  helium 
--. 
The funct ion 2~ is then a superpos i t ion  
where the  summation covers the  d i s c r e t e  conf igura t ions  and t h e  in t e -  
g r a t i o n  runs over the  1s-kp continuum. (The method of c a l c u l a t i o n  
presented here  i s  not  l imi ted  t o  a s i n g l e  continuum, however.) 
s u b s c r i p t  "iff denotes a l l  the  quantum numbers necessary t o  spec i fy  a 
p a r t i c u l a r  configurat ion.  For the continuum funct ion  the  
s u b s c r i p t  e r e f e r s  t o  the  sum of t he  f r e e  e l e c t r o n  a sympto t i ck ine t i c  
energy and the  1s e l ec t ron  bound energy. For convenience of notacion, 
The 
/ 
w e  have suppressed the  E-dependence of t h e  a -coe f f i c i en t s . '  
i 
Among the  bound s t a t e s  chosen, a s  w i l l  be discussed l a t e r ,  a r e  
' I C  , 
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I . those corresponding t o  the  configurat ions 1s-np as  w e l l  a s  a number of  
doubly exci ted leve ls .  
t o  observe resonances i n  t h e  phase s h i f t s  or photo- ionizat ion c ros s  
The inc lus ion  of t h e  l a t t e r  is necessary i n  order  
sec t ions .  
Adopting the  nota t ion ,  
f o r  matrix 
Y; * and 
elements, s u b s t i t u t i n g  Eq, (2-3) i n t o  (2-1) mult iplying by 
in t eg ra t ing  y i e lds  
On t he  o the r  hand, mu l t ip l i ca t ion  by y.* and i n t e g r a t i o n  w i l l  produce t 
where the  prime on the  sum ind ica t e s  tha ' t  t he  term f o r  i = j is to be 
omitted.  
Notice t h a t  aE has a s i n g u l a r i t y  f o r  - E; to  obvia te  t h i s  
d If f i c u l  t y  , w e  make the  subs t i t u t  ion  
Eqs. ( 2 - 5 )  and (2-6) become 
. - 5- 
. 
and 
Eqs. (2-8) and (2-9) s t i l l  possess a s i n g u l a r i t y  i n  the  integrands f o r  
t 
= E, but one which can now be treated, formally wi th  the  a id  of the  
r e l a t i o n  
(2-10) 
The expression (2-10) is meaningful only i n  an integrand,  where 
the  P ind ica tes  a p r i n c i p a l  p a r t  i n t eg ra t ion  is t o  be performed. The 
second term contains  an unknown eigenvalue /3 (E); it is an eigenvalue 
i n  t h a t ,  once E is se lec ted ,  t h e r e  is a unique value of / 3 ( E )  which 
w i l l  allow the  equations below t o  have a so lu t ion .  (Later  i t  w i l l  be 
shown t h a t p ( E )  i s  c lose ly  r e l a t e d  t o  the  phase s h i f t  of  9 E .  
Inse r t ion  of Eq. (2-10) i n  (2-8) add (2-9) produces 
(2-11) 
and 
Eqs. (2-11) and (2-12) a r e  the  basic  r e l a t ionsh ips  of t he  configura- 
t i o n  i n t e r a c t i o n ;  the  method of obtaining a s o l u t i o n  f o r  them is discussed 
. 
. 
- 6- 
i n  Sec. 111. After  a s o l u t i o n  to  the set  of equations i s  found, w e  
apply the  normalization condi t ion  
which determines t h e  eigenvectors completely, g iv ing  
(2-13) 
(2-14) 
The ca l cu la t ions  of photo-ionization c ross  sec t ions  o r  d i f f e ren -  
t i a l  o s c i l l a t o r  s t r eng ths  r equ i r e  a ground s t a t e  funct ion,  @ G ,  f o r  
helium i n  addi t ion  t o  & . For t h i s  purpose, a s i x  para- 
meter Hylleraas funct ion was employed i n  m o s t  of the  work. 
s t r e n g t h  i n  a.u. may be found from t h e  d ipo le  length expression 
The a a c i l l a t o r  
o r  a l t e r n a t e l y  from the  ve loc i ty  expression 
(2-15) 
(2-16) 
where A E  is the  e x c i t a t i o n  energy and the  M sum r e f e r s  to  t h e  'P 
rubs t a t e s .  
For t h e  c a l c u l a t i o n  of t he  phase s h i f t  P) , w e  fol lcw a procedure 
L - 7- 
e s s e n t i a l l y  the  same as t h a t  of Fano leading t o  
(2-17) 
The phase s h i f t  has two cont r ibu t ions  a r i s i n g  from t h e  screening  of 
the  1s e l e c t r o n  and from the  in t e rac t ion  of the  resonance l e v e l s  w i t h  
the continuum. 
s h i f t  as a r e s u l t  of  h i s  continuum pre-diagonal izat ion.  
The former e f f e c t  is not included i n  Fano's phase 
The phase s h i f t s  and o s c i l l a t o r  s t r eng ths  a r e  a l l  t he  phys ica l  
information t h a t  w e  can obtain,  bu t  when a resonance is being descr ibed 
these  q u a n t i t i e s  a r e  usua l ly  replaced by pos i t i ons ,  widths,  and l i n e  pro- 
f i l e  ind ices  (q values) .  To f ind the width f 
p a r t i c u l a r  resonance, two approaches a r e  used. F i r s t ,  w e  f i t  t h e  phase 
s h i f t  v8,energy curve i n  t h e  v i c i n i t y  of a peak by an expression 
and p o s i t i o n  E, of  a 
(2-18) 
which i s  used by B& t o  descr ibe  an i s o l a t e d  resonance. (The f i r s t  
two terms i n  Eq. (2-18) account f o r  t h e  slowly varying background.) 
In the  o the r  method w e  ob ta in  eigenvectors  of  t h e  resonant  s t a t e s  
neglec t ing  a l l  1s conf igura t ions ,  an approach descr ibed i n  Ref. (4). 
The square  of the  p ro jec t ion  of t h i s  vec to r  upon t h e  f u l l  e igenvector  
i s  then  p lo t t ed  VB. aergy.  T%e r e s u l t  is a Breit-Wigner resonance 
shape, from which the  width and resonance p o s i t i o n  may be  found by 
f i t t i n g  t o  the  form 
(2-19) 
. 
-8- 
given e s s e n t i a l l y  i n  Eq. (13 )  of Ref, ( 8 ) .  The q values  a r e  found 
by p l o t t i n g  
(2-20) 
as  a func t ion  of  E i n  t h e  neighborhood of a resonance,where T i s  t h e  
length  o r  v e l o c i t y  opera tor ,  and &'is t h e  exc i t ed  s t a t e  func t ion  
wi th  resonance conf igura t ions  excluded (Hartree-Fock). According t o  
Fano 8, Eq. (2-20) should have the  form 
(2-21) 
; Thus q may be found by a l e a s t  squares 
[ E - E r )  
r/z w i t h  f: 
f i t .  
It is of i n t e r e s t  t o  compare our  procedure w i t h  t h a t  o f  t h e  more 
e l a b o r a t e  c l o s e  coupling approximation which has been applied by BMc 
t o  He+. The c l o s e  coupling wave func t ion  f o r  a P s t a t e  has t h e  
b a s i c  form 
(2-22) 
where P i s ( & )  
func t ions  of t h e  proper symmetry, and A is t h e  antisymmetrizing ope ra to r ,  
T o  determine the  F ' s  between the ls-kp and 2s-kp th resholds ,  F1 is  given 
t h e  form of a f r e e  s t a t e  asymptotically while  F2 and F3 vanish exponen- 
is the  Is o r b i t a l  f o r  He+, e tc . ,  t h e  F ' s  a r e  a r b i t r a r y  
t i a l l y  f o r  l a r g e  . Determining these  func t ions  by t h e  app l i ca t ion  
I 
' .* . 
L -9- 
9 of Schrsdingers equation y i e l d s  an expression which i m p l i c i t l y  includes 
a l l  configurat ions of the  proper asymptotic form i n  which one e l e c t r o n  
i s  i n  e i t h e r  t he  Is, 29, or  2p s t a t e s  of He+. Some of these  configura- 
t ions  give rise to  resonances, which a r e  observed by a sudden inc rease  
i n  the  phase s h i f t  by r o v e r  a narrcw energy range. 
The wave funct ion used i n  the  present  paper can a l s o  be w r i t t e n  
i n  the  form given by Eq. (2-22), bu t  now the  F's  a r e  sums of  selected 
o r b i t a l s .  As more and more o r b i t a l s  a r e  included i n  these  sums, our  
wave funct ion approaches the  c l o s e  coupling Sunction. However, wi th  
l i t t l e  t rouble  o the r  configurat ions could be added which a r e  not  present  
i n  Eq. (2-22),e.g.,3~-3p, making the  method q u i t e  f l e x i b l e .  
On the  otherhand, i f  t he  second and t h i r d  terms i n  Eq. (2-22) a r e  
omitted,  one has the  Hartree-Fock approximation. Inasmuch as  our wave 
func t ion  conta ins  a l l  poss ib l e  configurat ions wi th  one e l ec t ron  i n  the  
1s s t a t e ,  the  s o l u t i o n  of Eqs (2-11) and (2-12) wi th  a l l  resonant con- 
f igu ra t ions  missing should y i e ld  the Hartree-Fock r e s u l t s ,  which is 
shown t o  be the  case  i n  Sec. 111. 
111, Numerical Methods, 
The numerical problem has three  main p a r t s :  ( 1 )  t he  reduct ion  of  
the  l i n e a r  i n t e g r a l  equatiom t o  a lgebra ic  equations which may then 
be solved by standard techniques; (2)  t he  choice of a b a s i s  set  and the  
computatiou of the cczlcmh matrix elements which appear i n  t h e  b a s i s  
equat ions ;  (3) the  ca l cu la t ion  of o s c i l l a t o r  s t r eng ths  and resonance 
parameters.  These a r e  discussed i n  turn.  
- 10- 
We wish t o  express the  p r i n c i p a l  p a r t  i n t e g r a l  appearing i n  Eq. 
(2-11) o r  (2-12) as a f i n i t e  sum. 
energy cut-off  is chosen, and the  r e s u l t i n g  energy range is divided 
i n t o  a mesh. We want t o  f ind  the  values of he a t  t he  mesh points .  
For a we l l  behaved integrand, a l l  t ha t  remains is t o  employ a numeri- 
c a l  i n t eg ra t ion  scheme, a procedure not  adequate here  because the  
integrand i s  rap id ly  varying near the po in t  a t  which the  energy denomi- 
na tor  vanishes. 
the  t o t a l  i n t e g r a l  i n t o  a sum of i n t eg ra l s ,  each one over t h ree  mesh 
po in t s ;  2 )  i n  each in t eg ra l ,  expressing the  slowly varying f a c t o r s  
i n  the  integrand ( Re,  vet' ) as a power series i n  
energy, r e t a i n i n g  l i n e a r  and quadr i a t i c  terms; 3) evaluat ing the  re- 
In order  t o  accomplish t h i s ,  a high 
Thus w e  apply a modified Simpson's Rule, by; 1) breaking 
maining i n t e g r a l s  exact ly .  For example, consider  
where is a mesh poin t  and M is t he  mesh spacing. We w r i t e  rs 
1 where the  g ' s  a r e  l i n e a r  combinations of t he  
mesh poin ts .  A s i m i l a r  expression is used f o r  
l e f t  wi th  i n t e g r a l s  of the  form 
44.. evaluated a t  t h e  
v,; , and w e  a r e  
~. - -. , 
4 - 11- 
4 
I which a re  done exact ly .  
i n t e g r a l  by a series of terms involving 4~ 
This approach is  l imited by how we l l  the funct ions 
The ne t  e f f e c t  is t o  rep lace  t h e  o r i g i n a l  
a t  t h e  mesh points .  
and ve; 
can be represented by a power series over the  i n t e r v a l s  used; i n ,  
p rac t i ce  such an approximation proved exce l l en t  a s  these  funct ions 
a re  slawly varying wi th  energy. 
The continuum is thus replaced by a f i n i t e  sum, but  w e  must 
s t i l l  t r e a t  the  1s-np i n f i n i t e  sum which occurs i n  t h e  bound s t a t e  
terms. We include e x p l i c i t l y  the  terms up to  n = 9 and rep lace  
the  remaining terms by an i n t e g r a l ,  i.e. 
where j runs over the  s t a t e s  1s-lOp t o  1s- oo p and s t he  threshold 
energy. 
Treat ing the  i n t e g r a l  as  described above w i l l  lead to  t h e  appearance 
Fi 
We have now extended the  range of t he  continuum below threshold.  
i n  t he  equations. In  order  t o  avoid enlarging of at- q b - l o & -  
the  s i z e  of the  matrix,  w e  make the  replacement 
Eqs.(.3-4) and (3-5) a r e  j u s t i f i e d  i n  t h e  appendix. 11 
The set  of i n t e g r a l  equations is now reduced t o  a se t  o f  alge- 
b r a i c  equations. The bas i s  cons i s t s  of(proper1y synrmetrized) two 
p a r t i c l e  eigenfunctions of  angular momentum which a r e  constructed 
from products of hydrogenic functions.  .The conf igura t ions  used a r e :  
- '. . 
I 
b - 12- 
ls-np, (n= 2 ,  9 ) ;  ls-kp, (k=O, 3.0 a.u. i n  i n t e r v a l s  of 0.2 a.u.);  
2s-np 
configurat ions the  choices 
the  p o r b i t a l  were made, a s e l e c t i o n  which makes the  p o t e n t i a l  f o r  t h e  
( n  a 2 , 5 ) ;  2p-ns (n = 3 , 5 ) ;  2p-nd (n = 3,5) .  l2 In the  1s - 2 f o r  the  1s o r b i t a l  and 2 = 1 €or 
p o r b i t a l s  asymptotically cor rec t .  The'remaining conf igura t ions  a r e  
included fo r  the  purpose of analyzing the  resonances. For t h i s  task ,  
the choice t =  2 f o r  a l l  of these  o r b i t a l s  gives  good  result^.^ Note 
t h a t  the  bas i s  of two p a r t i c l e  funct ions is s t i l l  an orthogonal set. 
The,Coulomb matr ix  elements were found by eva lua t ing  exact  ex- 
pressions f o r  those i n t e g r a l s  involving no more than one continuum 
function, and were done numerically otherwise,  
The eigenvectors a r e  obtained by diagonal iz ing a 34x34 matr ix ,  
- 
The problem is not  a conventional eigenvalue problem, however, because 
the  eigenvalue 
Eqs. (2-11) and (2-12). Thus the  c h a r a c t e r i s t i c  equat ion is of order  
1 ( E )  always appears as  the  c o e f f i c i e n t  of bE i n  
1 ins tead  of 34. We solve these equations using procedures descr ibed 
i n  Ref. (10). 13 
In  order  t o  eva lua te  the  expression i n  Eqe. (2-14) and (2-16) 
the d ipole  elements between the  ground s t a t e  and each of the  b a s i s  
se t  were found. The remaining i n t e g r a l  over the  energy was  evaluated 
by the  same method as was  used i n  reducing the  set  of i n t e g r a l  equations 
to  a lgebra ic  equa t iwu .  
i 
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I V .  Results and Conclusions 
We f i r s t  discuss  the  o s c i l l a t o r  s t r eng ths  i n  regions f a r  from 
the  resonances, These were ca lcu la ted  i n i t i a l l y  by omit t ing a l l  resonant  
configurat ions from the matr ix ,  an approximation which corresponds t o  the  
Hartree-Fock method f o r  ca l cu la t ing  continuum s t a t e s .  
l a t i o n s  have already been done, w e  were ab le  t o  check our numerical 
work. 
can reproduce the  Hartree-Fock r e su l t s .  
Since such calcu-  
The comparison is given i n  Table I, showing t h a t  our procedure 
Stewart  and Webb” used a 
Hylleraas funct ion d i f f e r e n t  from the  one employed here ,  a f a c t  which 
may account f o r  t he  discrepancy a t  threshold i n  the  !length values .  
Values of t h e  o s c i l l a t o r  s t r eng th  a t  var ious  energies  a r e  presented 
i n  Table 11. We include the  results of a c a l c u l a t i o n  performed wi th  a 
three parameter Hylleraas function, t he  purpose of which was t o  observe 
- - 
t h e  e f f e c t  of ground s t a t e  modification. Recal l  from Sec. I1 t h a t  t he  
close-coupling approximation impl i c i t l y  includes a l l  resonant configura- 
t i ons  i n  which one e l ec t ron  is i n  e i t h e r  t he  2s o r  2p s t a t e  of He’. 
Therefore, a comparison of results wi th  BMc i nd ica t e s  the  importance of  
t he  conf igura t ions  which were omitted i n  the  present  paper, al though 
t h e r e  may be a l s o  an e f f e c t  from t h e  ground s t a t e  s i n c e  BMc u s e  a 
2 1- parameter funct ion,  
A study of Table 11 shaws t h a t  t he  6-parameter ve loc i ty  r e s u l t s  
come nearer  t o  the  c l o s e  coupling values  thaii thz leagth r e s u l t s  do. 
which seems t o  ind ica t e  t h a t  the v e l o c i t y  formulation is t o  be favored. 
On the  o ther  hand, t h i s  conclusion does ,not  follow from t h e  3-parameter 
values.  Here w e  have the  su rp r i s ing  s igua t ion  t h a t  the  length  r e s u l t s  
- 14- 
agree wel l  with BMc while  the  ve loc i ty  do not. Note a l s o  t h a t  t he  
d i f fe rence  between the  length and v e l o c i t y  values  is s m a l l e r  w i th  
the  3 t h a n  the  6- parameter function. 
Our conclusions a re :  (1) The resonant s t a t e s  have a very small  
e f f e c t  on the  continuum o s c i l l a t o r  s t r eng ths  a t  non-resonant energies .  
The agreement between the  6-parameter ve loc i ty  values  and BMc then 
i s  due t o  the  unimportance of t h e  omitted configurat ions.  (2) The 
ve loc i ty  formulation is t o  b e  prefer red  over the  length.  We consider  
t h a t  the  agreement between the  3-parameter length r e s u l t s  and BMc i s  
fo r tu i tous .  The agreement between length and v e l o c i t y  r e s u l t s  is a 
necessary but  not  s u f f i c i e n t  condi t ion to  guarantee accuracy. 
3-parameter r e s u l t s  provide us with an example of l ength  and v e l o c i t y  
The 
i n  good agreement wi th  each other ,  but  not agreeing wi th  more e l abora t e  
ca l cu la t ions  . 
It i s  i n t e r e s t i n g  t o  compare our phase s h i f t s  w i th  those ca l cu la t ed  
by BMc. These da ta  a r e  given i n  Table 111, where we s e e  t h a t  t he  
addi t ion  of the  10 resonant configurat ions accounts f o r  about one t h i r d  
t o  one ten th  of the  discrepancy between BMc and Hartree-Fock values.  
The method of f inding the  pos i t i on  and width of the  resonances i s  
described i n  Sec. 111. As an i l l u s t r a t i o n ,  i n  f i g u r e  1, a p l o t  of the  
square of the  amplitude of the  eigenvector ,  f o r  the(2-2)+ resonance is  
shown. l6 
coupled t o  the  continuum. 
s i n g l e  l e v e l  resonance form, a c h a r a c t e r i s t i c  of a l l  t he  resonances 
t r ea t ed  here. 
Also shown i s  the  pos i t i on  of the  resonance before  it is 
The shape c lose ly  approximates a Breit- Wiper 
. 
- 15- 
I n T a b l e  I V  the  pos i t i ons  E r  , s h i f t s  due t o  i n t e r a c t i o n  wi th  t h e  
continuum A, and widths r a r e  l i s t e d  along wi th  those  from 
B M ~  and the  experimental r e s u l t s d  Madden and Codling.2 The width of 
the  3d s t a t e  was not  found because too  few s i g n i f i c a n t  f i gu res  were 
ca r r i ed  f o r  accuracy. A study of Table I V  shows t h a t  w e  a r e  i n  good 
agreement wi th  BMc. 
A l l  of t h e  resonances a r e  w e l l  descr ibed by Fano's l i n e  shape 
formula, Eq. (2-21). I n  f i g u r e  2, w e  p l o t  t h e  l i n e  p r o f i l e  of t h e  
(2-3)+ and (2-3)- resonances superimposed. The six parameter v e l o c i t y  
q values  a r e  used. Since the  observat ion of t he  shape of  t h e  (2-3)+ 
resonance i s  j u s t  poss ib le ,  t he  f i g u r e  i l l u s t r a t e s  t h a t  a s i z e a b l e  im- 
provement i n  r e s o l u t i o n  w i l l  be necessary i n  order  t o  s tudy  t h e  shape 
of  t he  (2-3)-, 
- 
I n  Table V, we  l ist  o u r q  values  along wi th  BMc and 
those of Madden and Codling. The g r e a t e s t  d i f f e rence  between t h e  s ix  
parameter r e s u l t s  and BMc is less  than 10% i n  the  v e l o c i t y  formulation 
and more than 20% i n  the  length formulation, a f e a t u r e  which is a l s o  
p re sen t  i n  the  three-parameter values ,  again emphasizing t h a t  t he  
v e l o c i t y  formulation is  preferable .  
Our r e s u l t s ,  taken as  a whole, s e rve  as an independent check on 
BMc, inasmuch as  many of t he  q u a n t i t i e s  ca l cu la t ed  t h e r e  have no t  y e t  
been measured. 
7 1  we h u e  ehm-ii Chat coiifigurati=c interectian is C_2ph'_e nf giving 
r e l i a b l e  r e s u l t s  f o r  the  continuum d i f f e r e n t i a l  o s c i l l a t o r  s t r e n g t h  as 
w e l l  as providing a na tu ra l  way to  desc r ibe  resonances. The procedure 
has seve ra l  advantages, such a s ;  1) t h e  i n t e r a c t i o n  matrix elements 
- 16- 
need be computed only once. 
involve only d iagonal iza t ion  of  a known matrix,  a process which does 
not involve much computer t i m e ;  
t r a c t i n g  configurat ions as t h e i r  e f f e c t  i s  understood; 3) complete 
freedom a s  t o  choice of basis .  
t i o n  t o  more complex atoms i n  the fu ture .  
Thus the  so lu t ions  a t  d i f f e r e n t  energies  
2 )  the  f l e x i b i l i t y  of  adding o r  sub- 
We hope these  po in t s  w i l l  allow appl ica-  
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Appendix 
To a r r i v e  a t  Eq. (3-4), w e  assume t h a t  t he  energies  of the  s t a t e s  
1s- lop  t o  1s-@p a r e  so c l o s e l y  spaced t h a t  we may r ep lace  the  sum over 
these s ta tes  by an i n t e g r a l ,  i .e. 
ET 
/ 
The funct ion is  a continous func t ion  of E , found from @; 
/ 
by any in t e rpo la t ion  scheme; s imi l a r  remarks apply t o  
We apply the  equations 
. 
to  a r r i v e  a t  
The quan t i t i e s  b& and a r e  only defined above threshold,  but  w e  
assume the v a l i d i t y  of Eqs. (A-2) i n  the  range from 
With the  s u b s t i t u t i o n  given by Eq. (2 -7)  w e  have 
In  order  t o  a r r i v e  a t  Eq. (3-S), w e  observe t h a t  f o r  
(A-4) 
->7 I 
(A-5) 
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This expression follows from Eq. (2-12) and the fac t  that 
I 
bb-86 and &L-f?gnd (Eq. (A-5) w a s  checked with actual solutions f o r &  
was s a t i s f i e d  to rv .l%) Applying Eq. (A-5), w e  have 
and using Eq. (A-2) 
(A-7) 
Finally,  
for our case i n  which 2. = 1. Combining Eq. (A-6) and (A-8), the resu l t  is  
. . .  
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References and Footnotes 
1. J. W. Cooper, U. Fano, F. Prats ,  Phys. Rev. Letters 10, 518 (1963). 
2. R. P. Madden, K. Codling, Ap. J. 141, 364 (1965). 
3. T. F. O'Malley, S, Geltman, Phys. Rev. 137, A1344 (1965). 
4. P. Al t ick ,  E. N. Moore Phys. Rev. Letters IS, 100 (1965). 
5. P. G. Burke, D. D. McVicar, Proc. Phys. SOC. (Inndon) 86, 989 (1965). -
6. L. Lipsky, A. Russek, t o  be published i n  Phys. Rev. 
7.  For a d e f i n i t i o n  of  q value,  see Ref. (8). 
8. U. Fano, Phys. Rev. - 124, 1866 (1961). 
9. U. Fano, F. P ra t s ,  Proc. Nat. Acad. Sc i .  India ,  A33  P a r t  4, 553 (1963). 
10. P. Al t ick ,  A. E. Glassgold, Phys. Rev. 133, A632 (1964). 
11. The s t a t e s  which w e  a r e  t r e a t i n g  approximately here  a r e  only important 
f o r  E R E T .  For higher  energies ,  they could be omitted wi th  n e g l i g i b l e  
e f f e c t  . 
12. The high energy cut-off ( k,ax= 3.0 a .u , )  was determined by performing 
ca l cu la t ions  wi th  s e v e r a l  values of  h a x .  and i n s i s t i n g  t h a t  t he  r e s u l t s  
i n  t h e  energy region of i n t e r e s t  d id  not  change wi th  success ive  values .  
13. I n  t h e  neighborhood of  a resonance, i t  was necessary t o  s o l v e  Eqs.(2-11) 
and (2-12) €or c l o s e l y  spaced values  of  E. 
on t h e  average f o r  t e n  d i f f e r e n t  values  of  E 
A. L. Stewart ,  W. J. Wilkinson, Proc. Phys. SOC. (London) Y 75, 796 (1960). 
The equations were solved 
pe r  resonance. 
14. 
15. A. L. Stewart ,  T. G. Webb, Proc. Phys. SOC. (London) 82, 532 (1963). 
16. The no ta t ion  w e  use t o  des igna te  the  resonances is now w e l l  e s t ab l i shed .  
See Ref. (1) f o r  an explanation. 
17. Note t h a t  t he  da t a  i n  Table V a r e  not c o n s i s t e n t  w i th  t h e  o s c i l l a t o r  s t r e n g t h s  
i n  Ref. (4). An e r r o r  i n  some of the d i p o l e  mat r ix  elements was r e c e n t l y  d i s -  
covered, so t h a t  t he  values of  oscil4Lator s t r e n g t h s  i n  t h a t  paper a r e  inco r rec t .  
. 
-20- 
Table 1. Comparison of Hartree-Fock calculat ions.  Column A l is ts  the work 
of Stewart and Wllkinson, l4 
Webb. 
column’ B the work of Stewart and 
15 
Energy Above - df i n  Length ( L )  and Velocity (V) 
Threshold (Ryd) dE Formulations 
A. B. Present Paper 
L V L V L v 
0 
. 2  
. 5  
1.0 
2- 0 
638 
.449 
.89 8 890 .916 .886 .894 .886 
.792 .758 ,788 ,768 
638 
.422 .440 .418 .450 ,419 
.234  .224 .239 .222 
c -2  1- 
# 
Table LI. The differential oscillator strength (Ryd.") at non resonant 
energies in the length (L) and velocity (V) formulations. 
df Energy Above -
Threshold (Ryd) dE , 
BMC 6-Param. 3-Param. 
L V L v L v 
.o - - .890 ,879 .873 .go1 
.2 
.4 
.6 
.8 
1.0 
1.2 
1.4 
1.6 
1.8 
2.0 
2.2 
2.4 
.7779 
.6678 
.5758 
.4990 
.4348 
.3812 
.3363 
.2984 
.2664 
.2395 
.2172 
.ZOO3 
.7628 
.6532 
.5634 
.48 70 
.4245 
.3722 
.3283 
.29 15 
.2  603 
.2338 
. 2  120 
.1956 
.790 
.684 
,593 
.514 
.449 
.391 
.345 
.303 
,271 
.242 
.217 
,200 
,762 
.650 
.559 
.483 
.421 
.. 
* .368 
.324 
.286 
.255 
.228 
,206 
,189 
.776 
.673 
,584 
.507 
.443 
,387 
.342 
,301 
.270 
.240 
.216 
.198 
.781 
.666 
.572 
.494 
.429 
.375 
.330 
.291 
.259 
.231 
.209 
.191 
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Table 111. P wave phase s h i f t s  i n  radians.  "Full matrix" means t h a t  t h e  
0 
resonant  conf igura t ions  a re  included. 
Energy Above Threshold 
F u l l  Matrix Hartree-Fock (Ryd) BMC 
- .o - 0667 - 0731 
.2 -. 0605 - 0735 - 0772 
.4 -. 0631 - *  0769 - 0792 
.6 - e  0641 -. 0782 ., 0'798 
.8 - .0636 - 0782 - e  0794 
1.0 I - .  0622 - .0769 - 0 0779 
1.2 - .0600 -. 0750 - 0760 
1.4 -. 0571 -. 0721 -- 0735 
1.6 -. 0536 - 0688 -. 0707 
1.8 
2.0 
2.2 
2.4 
-. 0495 
- ,0447 
-. 0388 
-. 0302 
- .0649 - ., 0674 
- .0605 - 0642 
- e 0533 - 0608 
- e 0479 -. 057% 
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Figure Captions 
Figure 1. 
i n  the  f u l l  wave func t ion  near t h e  (2-2)+  resonance. 
t h e  pos i t i on ,  E r ,  and the  eilergy s h i f t  due to i n t e r a c t i o n  w i t h  t h e  
continuum a r e  shown. The x's a r e  t he  computed p o i n t s ;  t he  s o l i d  
curve i s  t h e  f i t  to a Breit-Wigner form. 
The squared amplitude of the 2s-2p discrete  s t a t e : .  ( g 2 s - 2 p )  
The width r, 
Figure 2. A comparison of t he  02-3)+ and (2-3) -  l i n e  p r o f i l e s .  
Energy i s  measured from E, f o r  both curves.  
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